, Probab. Statist. Group Manchester (30 pp) Following the economic rationale introduced by Peskir and Samee in [19] and [20] , we present a new class of barrier options within the British payoff mechanism where the holder enjoys the early exercise feature of American type options whereupon his payoff (deliverable immediately) is the best prediction of the European payoff under the hypothesis that the true drift of the stock price equals a contract drift. Should the option holder believe the true drift of the stock price to be unfavourable (based upon the observed price movements) he can substitute the true drift with the contract drift and minimise his losses. In this paper we focus on the knock-out put option with an up barrier. We derive a closed form expression for the arbitrage-free price in terms of the rational exercise boundary and show that the rational exercise boundary itself can be characterised as the unique solution to a nonlinear integral equation. Using these results we perform a financial analysis of the British knock-out put option. We spot some of the trends previously seen in [19] but observe some behaviour unique to the knockout case. Finally, we derive the British put-call and up-down symmetry relations which express the arbitrage-free price and the rational exercise boundary of the British down-and-out call option in terms of the arbitrage-free price and the rational exercise boundary of the British up-and-out put option.
Introduction
The purpose of the present paper is to introduce and examine the British payoff mechanism introduced by Peskir and Samee (cf. [19] and [20] ) in the context of barrier options. There are various types of barrier options that may be considered: (i) calls and puts; (ii) knock-in or knock-out; (iii) up or down barriers (for more details on each of these types see e.g. [9] ). We focus in this paper on the up-and-out put option with a view to explore the remaining types in future research. Up-and-out options are terminated once the price of the underlying asset hits a certain level (barrier), which lies above the initial price of the asset. An investor would buy an option with a knock-out barrier if he expects the price of the underlying asset to remain within a stable price range. There are a number of established methods for pricing European barrier options and these have been discussed extensively in the literature (see for example [4] , [5] , [9] , [15] , [22] and [23] ). Gao, Huang and Subrahmanyam [8] propose an early exercise premium representation for the American knock-out call and put options in terms of the optimal exercise boundary.
[1] provides a rigorous derivation of this representation using a change-of-variable formula for local time on curves from [18] ; the optimal stopping boundary is characterised as the unique solution of a nonlinear integral equation arising from the early exercise premium representation. Following the economic rationale of Peskir and Samee, we present a new barrier option which endogenously provides its holder with a protection mechanism against unfavourable stock price movements. The concept of optimal prediction in the British payoff for the knock-out option implies that the option price is cheaper than that of the American knock-out put as well as the standard British put options; and the holder can obtain higher returns when the stock price movements are favourable in most cases of interest to the investor. This is in line with the results obtained in [19] and is especially appealing as the problems of liquidity and return are addressed completely endogenously, since in a real financial market, it may be increasingly difficult for the holder to sell options when they are out of the money whereas the British feature allows the holder to exercise the option at any point during its lifetime (as long as the option has not been knocked out).
The paper is organised as follows. In Section 2 we present a basic motivation for the British knock-out put option. In Section 3 we formally define the British knock-out put option and present some of its properties. This is continued in Section 4, where we derive a closed-form expression for the arbitrage-free price in terms of the rational exercise boundary (the earlyexercise premium representation) and show that the rational exercise boundary itself can be characterised as the unique solution to a nonlinear integral equation (Theorem 1). Using these results in Section 5 we present a financial analysis of the British knock-out put option (making comparisons with the American knock-out put option). This analysis provides more insight into the full scope of the conclusions briefly outlined above. In Section 6 we derive the British put-call and up-down symmetry relations which express the arbitrage-free price and the rational exercise boundary of the British down-and-out call option in terms of the arbitrage-free price and the rational exercise boundary of the British up-and-out put option. The motivation for this stems from the fact that symmetry relations have been proved for the British put and call options where the roles of the contract drift and the interest rate have been swapped (see [20] ). In addition, symmetry relations are known to be valid for the American knock-out put and call options written on stocks paying dividends where the roles of the dividend yield and the interest rate have been swapped. We conclude in Section 7 by presenting the other British barrier options addressed in (i)-(iii) above and providing an agenda for future research.
Basic motivation for the British knock-out put option
The basic economic motivation for the British knock-out put option is parallel to that of the British put and call options (see [19] and [20] ). In this section we briefly review key elements of this motivation. We remark that the full financial scope of the British knock-out put option goes beyond these initial considerations (see Sections 5-7 below for further details).
1. Consider the financial market consisting of a risky stock X and a riskless bond B whose prices respectively evolve as (2.1) dX t = µX t dt + σX t dW t (X 0 = x), (2.2) dB t = rB t dt (B 0 = 1), where µ ∈ R is the appreciation rate (drift), σ > 0 is the volatility, W = (W t ) t≥0 is a standard Wiener process defined on a probability space (Ω, F, P) , and r > 0 is the interest rate. Recall that a barrier (up-and-out put) option of European type is a financial contract between a seller and a buyer entitling the latter to sell the underlying stock at a specified strike price K > 0 at a specified maturity time T > 0 in the European case (or any stopping time prior to T in the American case) given that the price of the underlying asset has not hit a specified barrier level which lies above the initial price of the underlying asset. Once this level has been hit, the contract is terminated, or knocked out and the holder is no longer entitled to sell the underlying stock. Standard hedging arguments based on self-financing portfolios (with consumption) imply that the arbitrage-free price of the option is given by
where the expectationẼ is taken with respect to the (unique) equivalent martingale measurẽ P , and X denotes the process X stopped once it hits the level such that X t = (X t∧τ ) t≥0 where τ is the first hitting time of the level , given by
The option knocking out is (financially) equivalent to the price process being 'stopped' as soon as it hits the barrier. The process X behaves exactly like the process X for all times t before τ which means most of the properties of X follow naturally for X . In this section (as in [19] and [20] ) we will analyse the option from the standpoint of a true buyer, i.e. a buyer who has no ability or desire to sell the option nor to hedge his own position. Thus every true buyer will exercise the option at time T in accordance with the rational performance. For more details on the motivation and interest for considering a true buyer in this context see [17] and [19] .
2. With this in mind, we now return to the European up-and-out put holder whose payoff is given by
where X T = X T (µ) represents the stock/market price at time T and takes the value once the stock price has reached that level (see [1] for a more detailed explanation). Recall also that the unique strong solution to (2.1) is given by (2.6)
+ is decreasing on R (when non-zero). Moreover, it is well known that Law(X(µ)|P) is the same as Law(X(r)|P) . Analogue to the argument in [19] , combining with (2.3) above we see that if µ = r then the return is 'fair' for the buyer, in the sense that
where the left-hand side represents the value of his investment and the right-hand side represents the expected value of his payoff. On the other hand, if µ < r then the return is 'favourable' for the buyer, in the sense that (2.8)
, and if µ > r then the return is 'unfavourable' for the buyer, in the sense that
with the same interpretations as above. Note that the actual drift µ is unknown at time t = 0 and also difficult to estimate at later times t ∈ (0, T ] unless T is unrealistically large.
3. The brief analysis above shows that while the actual drift µ of the underlying stock price is irrelevant in determining the arbitrage-free price of the option, to a (true) buyer it is crucial, and he will buy the option if he believes that µ < r . If this turns out to be the case then on average he will make a profit. Thus, after purchasing the option, the put holder will be happy if the observed stock price movements reaffirm his belief that µ < r . The British option (as seen in [19] and [20] ) seeks to address the opposite scenario: what if the put holder observes stock price movements that change his belief regarding the actual drift and cause him to believe that µ > r instead? In this contingency the British knock-out holder is effectively able to substitute this unfavourable drift with a contract drift and minimise his losses. In this way he is endogenously protected from any stock price drift greater than the contract drift. The value of the contract drift is therefore selected to represent the buyer's expected level of tolerance for the deviation of the actual drift from his original belief. The choice of the contract drift may also help to partially tackle the problem of the stock price being more volatile than predicted (thereby increasing the risk of knock out). It will be shown below (similarly to [19] and [20] ) that the practical implications of this protection feature are most remarkable as not only can the British knock-out holder exercise at or above the strike price to a substantial reimbursement of the original option price (covering the ability to sell in a liquid option market completely endogenously) but also when the stock price movements are favourable he will generally receive higher returns at a lesser price (see Section 5 for further details). We refer to the final paragraph of Section 2 in [19] for further comments regarding the option holder's ability to sell his contract and its connection with option market liquidity. This translates into the present setting without changes.
The British knock-out put option: definition and basic properties
We begin this section by presenting a formal definition of the British knock-out put option. This is then followed by a brief analysis of the optimal stopping problem and the free-boundary problem characterising the arbitrage-free price and the rational exercise strategy. These considerations are continued in Section 4 below.
1. Consider the financial market consisting of a risky stock X and a riskless bond B whose prices evolve as (2.1) and (2.2) respectively, where µ ∈ R is the appreciation rate (drift), σ > 0 is the volatility coefficient, W = (W t ) t≥0 is a standard Wiener process defined on a probability space (Ω, F, P) , X Definition 1. The British knock-out put option is a financial contract between a seller/hedger and a buyer/holder entitling the latter to exercise at any (stopping) time τ prior to T whereupon his payoff (deliverable immediately) is the 'best prediction' of the European payoff
+ given all the information up to time τ under the hypothesis that the true drift of the stock price equals µ c .
Similar to other British options seen in [19] and [20] , the quantity µ c is defined in the option contract and we refer to it as the 'contract drift'. Recalling our discussion in Section 2 above it is natural that the contract drift satisfies (3.1) µ c > r since otherwise the British knock-out holder could beat the interest rate r by simply exercising immediately (i.e. the buyer would be overprotected). Recall also from [19] that the value of the contract drift is selected to represent the buyer's expected level of tolerance for the deviation of the true drift µ from his original belief. It will be shown in Section 5 below that this protection feature has remarkable implications both in terms of liquidity and return (as seen in [19] ).
2. Denoting by (F t ) 0≤t≤T the natural filtration generated by X , the payoff of the British knock-out put option at a given stopping time τ can be written as
where the conditional expectation is taken with respect to a new probability measure P µc under which the stock price X evolves as
with X 0 = x in (0, ) . Comparing (2.1) and (3.3) we see that the effect of exercising the British knock-out put option is to substitute the true (unknown) drift of the stock price with the contract drift for the remaining term of the contract.
3. The stationary and independence of the increments of W governing X imply that
where the payoff function G µc can be expressed as
for t ∈ [0, T ] and x ∈ (0, ∞) and
denotes the maximum of the process Z µc . A lengthy calculation based on the known law of a drifted Brownian motion and its maximum gives an explicit expression for the payoff function
for t ∈ [0, T ) and x ∈ (0, ) , where Φ is the standard normal distribution function. It may be noted that the expression for G µc (t, x) multiplied by e −µc(T −t) coincides with the BlackScholes formula for the arbitrage-free price of the European knock-out put option (written for the remaining term of the contract) where the interest rate equals the contract drift µ c . The first two terms of (3.8) are identical to the payoff of the British put option seen in [19] . Therefore, we can deduce from (3.8) that the payoff of the British knock-out put option is always less than or equal to the payoff of the British put option. This helps to explain some of the behaviour seen in Section 5 below.
4. Standard hedging arguments based on self-financing portfolios (with consumption) imply that the arbitrage-free price of the British knock-out put option is given by
where the supremum is taken over all stopping times τ of X with values in [0, T ] andẼ is taken with respect to the (unique) equivalent martingale measureP . Making use of (3.4) above and the optional sampling theorem, allowing the process X to start at any point x in (0, ∞) at any time t ∈ [0, T ] , we see that the problem (3.9) extends to (3.10)
where the supremum is taken over all stopping times τ of X with values in [0, T − t] and E t,x is taken with respect to the (unique) equivalent martingale measureP t,x under which
Since the supremum in (3.10) is attained at the first entry time of X to the closed set where V equals G µc , and Law(X(µ)|P) is the same as Law(X(r)|P) , it follows from the well-known flow structure of the geometric Brownian motion X that
for t ∈ [0, T ) and x ∈ (0, ) , where the supremum is taken as in (3.10) above and the process X = X(r) under P solves (3.12) dX t = rX t dt + σX t dW t with X 0 = 1 . As it will be clear from the context which initial point of X is being considered, as well as whether the drift of X equals r or not, we shall not reflect these facts directly in the notation of X (by adding a superscript or otherwise).
5. Since the process X behaves in the same way as the process X until the hitting time τ , we deduce from [19] as well as (3.4) that x → G µc (t, x) is convex and strictly decreasing on (0, ∞) with G µc (t, 0) = K and G µc (t, ∞) = 0 for any t ∈ [0, T ] given and fixed. One also sees that
showing that the British knock-out put payoff coincides with the European/American knock-out put payoff at the time of maturity. Moreover, it is easily verified that G µc (t, 0+) < −1 so that the function x → G µc (t, x) goes strictly below the function x → (K − x)
+ after starting at the same value K when x moves from 0 upwards. The two functions will cross each other at a point strictly smaller than K and the former function (British) will stay above the latter function (European/American) at all points strictly greater than the point of crossing. This behaviour is helpful in explaining the fact that the British knock-out option is cheaper than the American knock-out option in most situations that are of interest for trading. Note also that V and G µc tend to stay much closer together than the two functions for the American knock-out option (a financial interpretation of this phenomenon will be addressed in Section 5 below). Finally, from 3.11 and the convexity of G µc we easily find that x → V (t, x) is convex and (strictly) decreasing on (0, ∞) with V (t, 0) = K and V (t, ∞) = 0 for any t ∈ [0, T ) given and fixed, and one likewise sees that
In this sense the value function of the British knockout put option is similar to the value function of the American knock-out put option. The most important technical difference (as seen in [19] ) is that while the American knock-out put boundary b A is increasing as a function of time, this is not necessarily the case for the British knock-out put boundary b .
6. To gain a deeper insight into the solution to the optimal stopping problem (3.9), let us note that Itô's formula yields
where the function H µc = H µc (t, x) is given by (3.14)
By the optional sampling theorem we therefore find
for all stopping times τ of X solving (3. so that from (3.14) we see that
which is the same as the expression seen in [19, Eq. (3.18) ] even though we have a different gain function. This representation shows in particular that if µ c ≤ r then H µc < 0 so that from (3.16) we see that it is always optimal to exercise immediately as pointed out following (3.1) above. Moreover, inserting the expression for G µc from (3.8) into (3.18) we find that
for t ∈ [0, T ) and x ∈ (0, ) . A direct examination of the function H µc in (3.19) shows that there exists a continuous (smooth) function h :
is given and fixed. In view of (3.16) this implies that no point (t,
is a stopping point (for this one can make use of the first exit time from a sufficiently small time-space ball centred at the point). Likewise, it is also clear and can be verified that if x < h(t) and t < T is sufficiently close to T then it is optimal to stop immediately (since the gain obtained from being above h cannot offset the cost of getting there due to the lack of time). This shows that the optimal stopping boundary b separating the continuation set from the stopping set satisfies b(T ) = h(T ) and this value equals rK/µ c as is easily seen from (3.19). Recall for comparison that the optimal stopping boundary in the American knock-out put option takes value K at T .
7. Standard Markovian arguments lead to the following free-boundary problem (for the value function V = V (t, x) and the optimal stopping boundary b = b(t) to be determined):
g. [21] ). It can be shown that this free-boundary problem has a unique solution V and b which coincide with the value function (3.11) and the optimal stopping boundary respectively. This means that the continuation set is given by
and the stopping set is given by
so that the optimal stopping time in (3.11) is given by This stopping time represents the rational exercise strategy for the British knock-out put option and plays a key role in financial analysis of the option. Note that we encounter the same three regimes for the optimal stopping boundary b as those seen in [19] for µ c satisfying (3.1) where depending on the value of µ c (see Figure 2) , the optimal stopping boundary b in the presence of a knock-out barrier for µ c > r large is an increasing function of time (for which b(0) tends to 0 as T → ∞ ). However, if µ c > r is close to r then b is a 'flattened' curve which dips and rises as time gets closer to maturity (always lying below the barrier level ). Thirdly, there is an intermediate case where b can take either of the two shapes depending on the size of T . These three regimes are not disconnected and if we let µ c run from ∞ to r then the optimal stopping boundary b moves gradually passing through the three shapes and always satisfying b(T ) = rK/µ c (exhibiting also a singular behaviour at T in the sense that b (T −) = +∞ ). We will see in Section 5 below that the three regimes have three different economic interpretations and their fuller understanding is important for a correct/desired choice of the contract drift µ c in relation to the interest rate r and other parameters in the British knock-out put option. Note that this structure differs from the well-known structure in the American knock-out put option where only one regime is encountered.
Fuller details of the analysis above go beyond our aims in this paper and for this reason will be omitted. It should be noted, however, that one of the key elements which makes this analysis more complicated (in comparison with the American put option) is that b is not necessarily a monotone function of time. In the next section we will derive simpler equations which characterise V and b uniquely and can be used for their calculation (Section 5). We refer to the final paragraph of Section 3 in [19] for further comments regarding the choice of the volatility parameter in the British payoff mechanism. This translates into the present setting without changes.
The arbitrage-free price and the rational exercise boundary
In this section we follow the approach used by Peskir and Samee in [19] and [20] to derive a closed form expression for the arbitrage-free price V in terms of the rational exercise boundary b (the early-exercise premium representation) and show that the rational exercise boundary b itself can be characterised as the unique solution to a nonlinear integral equation (Theorem 1). We will make use of the following functions in Theorem 1 below:
and z > 0 , where the functions G r and G µc are given in (3.8) above (upon identifying µ c with r , the function H µc is given in (3.14) and (3.19) above, and y → f (v − t, x, y) is the probability density function of the stopped process X for time v − t and interest rate r given by
for y > 0 (with v − t and x as above) where ϕ is the standard normal density function. It should be noted that
Finally, it can be verified using standard means that
Φ log
for t ∈ [0, T ) , x > 0 and z > 0 . This expression is useful in a computational treatment of the equation (4.6) below. The main result of this section may now be stated as follows.
Theorem 1. The arbitrage-free price of the British knock-out put option admits the earlyexercise premium representation
, where the first term is the arbitrage-free price of the European knock-out put option and the second term is the early-exercise premium. The rational exercise boundary of the British knock-out put option can be characterised as the unique continuous solution b : [0, T ] → R + to the nonlinear integral equation
where h is defined by (3.20) above.
Proof. We first derive (4.6) and show that the rational exercise boundary solves (4.6). Then we show that (4.6) cannot have other (continuous) solutions. 
and let
Then V and b are continuous functions satisfying the following conditions: 
is the local time of
For this, note that from (3.8), (3.18) and (3.19) (or calculating directly) we find that
for t ∈ [0, T ) and x ∈ (0, ) . Moreover, by the convexity of V and (3.23) we see that
and all x > b(t) . Combining (4.13) and (4.14) we conclude that
for all t ∈ [0, T ) and all x > 0 . Hence we find that . Replacing s by T − t in (4.12) and using that V (T, x) = G µc (T, x) = (K − x) + for x > 0 , taking E on both sides and applying the optional sampling theorem, we get
Recognising the left-hand side of (4.17) as e −r(T −t) G r (t, x) we see that this yields the representation (4.5). Moreover, since V (t, b(t)) = G µc (t, b(t)) for all t ∈ [0, T ] we see from (4.5) that b solves (4.6). This establishes the existence of the solution to (4.6). We now turn to its uniqueness.
4. Parallel to the proof in [19] , we show that the optimal stopping boundary is the unique solution to (4.6) 
is a continuous martingale under the measure P for s ∈ [0, T − t] . Given that we are only looking at the case of x ≤ a(t) for this part of the proof, we may work with the process X instead of X since a(t) lies below by definition of the option. Consider the stopping time
for all x > 0 we see that
Replacing s by σ a in (4.19), taking E on both sides and applying the optional sampling theorem, we have
where in the last equality we used (3.16) . This shows that U a is equal to G µc below a as claimed.
(ii) We show that U a (t, x) ≤ V (t, x) for all (t, x) ∈ [0, T ] × (0, ∞) . For this, take any such (t, x) and consider the stopping time (4.24) τ a = inf {s ∈ [0, T − t] : xX s ≤ a(t + s)} under P . We claim that
Indeed, if x ≤ a(t) then τ a = 0 so that U a (t, x) = G µc (t, x) by (i) above. On the other hand, if x > a(t) then the claim follows since
for all t ∈ [0, T ] and
for all x > 0 . Replacing s by τ a in (4.19), taking E on both sides and applying the optional sampling theorem, we find that
where we used the definition of τ a in the second equality. This shows that U a ≤ V for all (t, x) as claimed.
(iii) We show that b(t) ≤ a(t) for all t ∈ [0, T ] . Suppose that this is not the case so that there exists some time t ∈ [0, T ) for which a(t) < b(t) . Choose any x ≤ a(t) and consider the stopping time
under the measure P . Replacing s with σ b in (4.12) and (4.19), taking E on both sides of these identities and applying the optional sampling theorem, we get
Since x ≤ a(t) we see by (i) above that U a (t, x) = G µc (t, x) = V (t, x) where the last equality follows since x lies below b(t) . Moreover, by (ii) above we know that so that (4.30) and (4.31) imply that
The assumption that a(t) < b(t)) together with the continuity of the functions a and b means that there exists ε > 0 sufficiently small such that a(t + u) < b(t + u) for all u ∈ [0, ε] . Consequently, the probability under P of (xX u ) 0≤u≤ε spending a strictly positive amount of time (with respect to Lebesgue measure) in this set before hitting b is strictly positive. Combined with the fact that b lies below h this forces the expectation in (4.33) to be strictly negative and provides a contradiction. Hence b ≤ a as claimed.
(iv) Finally, let us show that a must be equal to b . Suppose that this is not the case so that there exists t ∈ [0, T ] such that b(t) < a(t) . Choose any point x ∈ (b(t), a(t)) and consider the stopping time
Replacing s with τ b in (4.12) and (4.19), taking E on both sides of these identities and applying the optional sampling theorem, we find
Since b ≤ a by (iii) above and U a equals G µc below a by (i) above, we see that
) where the last equality follows since
for all x > 0 ). Moreover, by (ii) we know that U a ≤ V so that (4.35) and (4.36) imply that
But then as in (iii) above the continuity of the functions a and b combined with the fact that a lies below h forces the expectation in (4.37) to be strictly negative and provides a contradiction. Thus a = b as claimed and the proof is complete.
Financial analysis of the British knock-out put option
In the present section we discuss the rational exercise strategy of the British knock-out put option, and then present a numerical example to highlight the practical features of the option. In particular, we analyse the behaviour of the British knock-out put option and compare it with its American counterpart. We also draw comparisons with both the British and American put options. We spot some of the trends previously seen in [19] but observe some behaviour unique to the case of the British knock-out put option. In the financial analysis of the option returns presented below we mainly address the question as to what the return would be if the underlying process enters the given region at a given time. We use the same 'skeletal' approach used in [19] with a similar parameter set so that we can make reference to results seen in [19] where possible. Figure 2 what happens when we vary the contract drift in the presence of a knock-out barrier. We note that the shape of the optimal exercise boundary is similar to that of the British put option for contract drifts which produce a boundary with b(0) less than K . However, as the contract drift get closer to r , we see a 'flattened' boundary, in contrast to the U -shaped boundary seen in the case of the British put option in [19] . In this case the buyer is overprotected. On the other hand, when the contract drift increases to infinity, the boundary almost disappears and it becomes never optimal to exercise before maturity and the British knock-out put option effectively reduces to a European knock-out put option. An infinite contract drift represents an infinite tolerance of unfavourable drifts and the British holder will never exercise before maturity. This brief analysis shows that the contract drift should not be too close to r and also should not be too large. For the remaining analysis in this section, we fix a parameter set chosen to present the features of the British knock-out put option fairly. In particular, we look into the example where µ c = 0.13 and r = 0.1 since as we can see from Figure 2 , for such a value of contract drift, the rational exercise strategy of the British knock-out put option is similar to that of the American knock-out put option with the same barrier level and so the comparison is most revealing. In fact, the shape of the rational exercise boundary also depends strongly on the volatility coefficient. For an American knock-out put option, fixing all parameters and decreasing only the volatility coefficient pushes the optimal boundary upwards. For the British knock-out put option, we observe the opposite where for small volatility, the boundary is pushed down whereas high volatility results in a U -skewed rational exercise boundary with large b(0) . 2. We observe in Figure 3 the effect of varying the level of the knock-out barrier on the rational exercise strategy of the British option. We can see that the introduction of a barrier lowers the optimal boundary, this is further exacerbated as the barrier is lowered towards the strike. We can see that for barrier level = 13 , b(0) = 7.6 whereas for = 11 , b(0) = 6.8 . Closer to maturity, i.e. from 10 months onwards, we note that the rational exercise strategy for all barrier levels is more or less the same. The reasoning behind this could be the decreasing likeliness of the stock price hitting the barrier before maturity, given that it has not hit it ten months into the contract. Hence, the rational exercise strategy is not much affected by the 232% 245% 261% 280% 298% 299% 239% Exercise at b (American knock-out) 309% 301% 290% 273% 248% 205% 0% Exercise at 6 (British knock-out) 359% 364% 371% 379% 389% 401% 415% Exercise at 6 (American knock-out) 378% 378% 378% 378% 378% 378% 378% Exercise at 4 (British knock-out) 567% 576% 585% 594% 604% 613% 622% Exercise at 4 (American knock-out) 568% 568% 568% 568% 568% 568% 568% Exercise at 2 (British knock-out) 800% 805% 810% 815% 820% 825% 829% Exercise at 2 (American knock-out) 757% 757% 757% 757% 757% 757% 757% Table 2 : Returns observed upon exercising the British knock-out put option (with µ c = 0.13 ) and the American barrier option with barrier level = 13 below the strike price K . The returns are expressed as a percentage of the original option price paid by the buyer (rounded to the nearest integer), i.e. R(t, x)/100 = G µc (t, x)/V (0, K) and R A (t, x)/100 = G A (t, x)/V A (0, K) respectively. The parameter set is the same as in Table  1 above ( K = 10 , T = 1 , r = 0.1 , σ = 0.4 ) and the initial stock price equals K .
We observe in
presence of a barrier as the time draws nearer to maturity. When the initial point is fixed at K = 10 , we see that choosing a barrier level of 15 , while keeping the remaining parameters fixed, the British knock-out put option behaves comparably to the British put option. In fact, as the barrier rises to infinity, the British knock-out put option converges to the standard British put option [19] . This is logical since it becomes unlikely in the limit for the stock price to hit the barrier prior to maturity. However, the rational exercise boundary is lowered when the barrier approaches the strike. Interestingly, the opposite behaviour is witnessed in the American knock-out put option (see [1] ). This can be explained by the fact that the barrier level appears explicitly in the payoff of the British knock-out put option, i.e. the expected payoff is directly dependent on the barrier level and decreases with a decrease in barrier level due to increased likeliness of the option getting knocked out prior to maturity.
3. In Table 1 , we can see that the returns observed on exercising below the strike for a lower barrier are more than double those of a higher barrier. However, when one exercises in the region above the strike, the returns perform better in the case of a higher barrier. A possible explanation could lie with the payoff, which reflects the holder's uneasiness in exercising near the barrier. We note in addition that setting V = V ,K and G µc = G µc ,K to indicate dependence on the strike price K and barrier level , we have
so that the return does not depend on the size of the strike price (when properly scaled). The same is also valid for the returns of the American knock-out put option considered in this section. Table 2 shows the returns the British knock-out put holder can extract when the price movements are favourable. We choose = 13 since this illustrates the influence of the presence of the barrier on the returns. We also show the returns observed upon exercising the American knock-out put option in the same contingency. Viewing the percentage returns as a measure of option performance we observe the following points. Upon exercise in the region above the rational boundary and below K (represented by a stock price of 8 in Table 2 ) the British knock-out put option outperforms the American knock-out put option (the closer one gets to K the more so this is true). Upon exercise at the rational boundaries and in the region immediately below (represented by a stock price of 6 in Table 2 ) the British knock-out put option performs comparably to the American knock-out put option. More precisely, the American knock-out returns are greater upon earlier exercise (before half term), whereas the British knock-out returns are greater upon exercise in the second half of the term. Upon exercise at low stock prices (represented by stock prices of 4 and 2 in Table 2 ) the British knock-out 359% 364% 371% 379% 389% 401% 415% Exercise at 6 (British put) 316% 320% 326% 333% 341% 352% 364% Exercise at 4 (British knock-out) 567% 576% 585% 594% 604% 613% 622% Exercise at 4 (British put) 498% 506% 514% 522% 530% 539% 547% Exercise at 2 (British knock-out) 800% 805% 810% 815% 820% 825% 829% Exercise at 2 (British put) 703% 708% 712% 716% 721% 725% 729% Table 3 : Returns observed upon exercising the British knock-out put option and the British put option (with µ c = 0.13 and = 13 ) above and below the strike price K . The returns are expressed as a percentage of the original option price paid by the buyer (rounded to the nearest integer). The parameter set is the same as in Figure 3 above ( K = 10 , T = 1 , r = 0.1 , σ = 0.4 ) and the initial stock price equals K .
outperforms the American knock-out. In conclusion, we see that the British knock-out option generally outperforms its American counterpart (whether stock price movements are favourable or unfavourable) except within a bounded region A corresponding to earlier exercise (before half term) at or immediately below the rational boundary. This is illustrated in Figure 4 . It may be noted that changing the contract drift (as well as other parameters in the model) may cause the region A to shrink or expand, however, its current shape will be largely preserved. In particular, as the barrier level is lowered, we see region A shrinking further. In fact, for = 11 , region A is around half that of the region for = 13 . We also note that compared with the standard British put, we find that region A for = 11 is a fraction of the size of the region for the British put (vs the American put option). This drives us to look into the returns of the British knock-out relative to the British put option. Table 3 show that the British knock-out option always outperforms the British put option in the region below the strike. However, the British put outperforms the British knock-out in most of the region above the strike except in the area close to maturity. We can see from the table that exercising near the barrier results in a decrease in the difference of returns between the two options, for example, ten months into the contract, we obtain a difference of 100% when exercising at 2 , and a difference of 24% when exercising at 8 since there is an increased chance of getting knocked-out as we approach the barrier.
4. Table 4 shows the returns that the British knock-out holder can extract upon exercising 359% 364% 371% 379% 389% 401% 415% Sell at 6 (American knock-out) 378% 378% 378% 378% 378% 378% 378% Exercise at 4 (British knock-out) 567% 576% 585% 594% 604% 613% 622% Sell at 4 (American knock-out) 568% 568% 568% 568% 568% 568% 568% Exercise at 2 (British knock-out) 800% 805% 810% 815% 820% 825% 829% Sell at 2 (American knock-out) 757% 757% 757% 757% 757% 757% 757% Table 4 : Returns observed upon exercising the British knock-out option (with µ c = 0.13 ) above the rational exercise boundary compared with returns received upon selling the American knock-out option in the same contingency. The returns are expressed as a percentage of the original option price paid by the buyer (rounded to the nearest integer), i.e. R(t, x)/100
The parameter set is the same as in Table 1 above ( K = 10 , T = 1 , r = 0.1 , σ = 0.4 ) and the initial stock price equals K .
his option (in any contingency). Also shown are the returns observed upon selling the American knock-out option (at the arbitrage-free price) in the same contingency. This is motivated by the fact that in practice the American option holder may choose to sell his option at any time during the term of the contract, and in this case one may view his payoff as the price he receives upon selling. In particular, the holder of an American knock-out option is to some extent protected from unfavourable price movements by his ability to sell the option in such a contingency. However, as remarked by Peskir and Samee [19] in a real financial market, the price at which the option holder is able to sell will depend upon a number of exogenous factors such as his ability to access the option market, the friction costs in the form of transaction costs and/or taxes involved in selling, and the liquidity of the option market itself and thus it may be increasingly difficult for the holder to sell the option. In Table 4 we compare the protection feature of the British knock-out option with the protection afforded to the American knock-out option holder by his ability to sell the contract in such an idealised market. We see from Table 4 that the protection feature of the British knock-out option is remarkably similar to the protection afforded to the American knock-out option holder by his ability to sell (the former in fact is uniformly better while the latter upon sale will deteriorate further once we account for the exogenous factors addressed above). Crucially, the protection feature of the British knock-out option is intrinsic to it, that is, it is completely endogenous. It is inherent in the payoff function itself (obtained as a consequence of optimal prediction), and as such it is independent of any exogenous factors. From this point of view the British knock-out option is a particularly attractive financial instrument for the buyer who is unable to access the market freely to sell his contract, when the friction costs involved in doing so are significant, or when the market for the contract is not perfectly liquid. 359% 364% 371% 379% 389% 401% 415% Exercise at 4 567% 576% 585% 594% 604% 613% 622% Sell at 4 567% 576% 585% 594% 604% 613% 622% Exercise at 2 800% 805% 810% 815% 820% 825% 829% Sell at 2 800% 805% 810% 815% 820% 825% 829% Table 5 : Returns observed upon (i) exercising and (ii) selling the British knock-out option (with µ c = 0.13 ) above the rational exercise boundary. The returns are expressed as a percentage of the original option price paid by the buyer (rounded to the nearest integer), i.e. R e (t, x)/100 = G µc (t, x)/V (0, K) and R s (t, x)/100 = V (t, x)/V (0, K) . The parameter set is the same as in Table 1 above ( K = 10 , T = 1 , r = 0.1 , σ = 0.4 , = 13 ) and the initial stock price equals K . Table 5 we highlight a remarkable and peculiar aspect of the British knockout option (also seen in the British put and call options [19] and [20] ). Namely, it can be verified that the value function and the payoff function of the British knock-out option stay close together in the continuation set. The extent to which this is true is made apparent by Table 5 . For this particular choice of contract drift we see that the value function stays above the payoff function (both expressed as percentage returns) within a margin of two percent. The tightness of this relationship will be affected by the choice of the contract drift (indeed the closer the contract drift is to r the stronger the protection and the tighter the relationship will be). From Table 5 we see that (i) exercising in the continuation set produces a remarkably comparable return to selling the contract in a liquid option market; and (ii) even if the option market is perfectly liquid it may still be more profitable to exercise rather than sell (when the friction costs exceed the margin of two percent for instance).
Finally in

Symmetry with British barrier call option
In this section we derive the 'British barrier put-call symmetry' relations, which express the arbitrage-free price and the rational exercise boundary of the British knock-out call option in terms of the arbitrage-free price and the rational exercise boundary of the British knock-out put option. Haug [10] presents barrier put-call transformations (in the perpetual case) and extends this to valuing a double barrier using the value of single-barrier options. Detemple [6] examines the symmetry property for various American type options including single and double barrier options, capped options and other multi-asset options. The approach used is based on a change of measure which is shown to be essential in establishing these symmetry properties. The intuition behind the symmetry property is discussed by Gao et al. [8] . Using properties of homogeneity, translational invariance and monotonicity in time and barrier level of the optimal are valid for all values of the parameters, where the subscript a in (6.9)-(6.11) stands for either c or p .
Proof. Since (6.9)-(6.11) are evident from the definitions (6.2) and (6.3) we focus on (6.12). For this, note that since the negative of a Brownian motion with drift is also a Brownian motion with drift, hence we can easily deduce the law of the maximum (minimum) from the law of the minimum (maximum). Therefore by the Girsanov theorem we have 
Other British barrier options
In the setting of (2.1) and (2.2) consider the maximum of the stock price defined by M T = max 0≤t≤T X t and the minimum of the stock price defined by m T = min 0≤t≤T X t where a maturity time T > 0 and a strike price K > 0 are given and fixed. Extending Definition 1 of Section 3, to the barrier options discussed in (i)-(iii) of Section 1, we obtain the following classifications of British barrier options (according to their payoffs):
The British knock-in put option with an up barrier, given by
The British knock-in call option with a down barrier, given by
Other possibilities include barrier option variants such as options with double or rainbow barriers. The economic rationale of Section 2 extends to all these cases in a straightforward manner (with the necessary modifications when the barrier is knock-in/out up/down) and addressing the mathematical/financial questions as in Sections 3-5 above leads to an extensive programme of research. It should be noted that the problems (7.1) and (7.2) are inherently three dimensional. We seek to address the above cases in forthcoming work.
